Introduction
These are notes based on three lectures I gave at the workshop "Bousfield classes form a set: a workshop in memory of Tetsusuke Ohkawa" at Nagoya University in August 2015.
The goal of the lectures was to give a brief sketch of the Morel-Voevodsky stable homotopy category SH(S) and motivic stable homotopy groups of spheres, aimed at someone with no previous experience with motives, and then in the last lecture see if anything could be said about the tensor triangulated spectrum Spc(SH(S) c ) of SH(S). I expected, perhaps naïvely, Spc(SH(S) c ) to be completely intractable, but to my surprise, it is possible to give a conjectural description of Spc(SH(F q ) c Q ). Theorem (Theorem 36). Let F q be a field with a prime power, q, number of elements. Suppose that for all connected smooth projective varieties X we have:
(Rat. and num. equiv. agree)
Later, I found out there are a considerable number of results about Spc(SH(k) c ) for k ⊆ C in [Joa15] , using methods adapted from the study of the classical stable homotopy category. Another paper studying this object is [HO16] , where it is proven that Balmer's comparison map is surjective (for any field of non-even characteristic!). They also address what is possibly one of the most important questions in this area of study-the production of field spectra.
For a speculative discussion about the structure of Spc(SH(F q ) c ) see Section 3.
In this last section we also prove that Balmer 
The lines indicate that the higher prime is in the closure of the lower one. For every prime number p and every n ≥ 1, the prime P p,n of SH c top s the kernel of the nth Morava K-theory (composed with localisation at p) and P p,∞ = ∩ n≥1 P p,n is the kernel of localisation at p. The generic point P 0,1 = (SH c top ) tor = Ker(H(−, Q)) is the kernel of singular cohomology with Q-coefficients, Hopkins-Smith [HS98] , [Bal10a, Cor.9 .5], [Bal10b, Thm.51 ].
3. Let G be a finite group, and let SH G be the G-equivariant stable homotopy category. For a subgroup H ⊆ G let Φ H : SH c G → SH c top denote the geometric H-fixed points functor. Then, as a set,
Furthermore, P(H, p, n) = P(H ′ , p ′ , n ′ ) if and only if H and H ′ are conjugate in G, and p = p ′ , n = n ′ . For more details see [BS15] .
In the case of a cyclic group G = Z/n, the space Spc(SH c G ) contains a copy of Spc(SH c top ) for every m dividing n, including 1 and n. Over Spec(Z[1/n]), the copies are disjoint, but there are some specialisation-generisation relations between the points lying over Spec(Z/n), cf. [BS15, Eq.1.3].
Just as schemes admit a canonical comparison morphism to the spectrum of their global sections, there are canonical comparison morphisms from Spc(K) to the spectrum of the ring of endomorphisms of the unit object.
Theorem 5 ([Bal10a, Thm.5.3, Cor.5.6, Thm.7.13, Not.3.1]). Let K be an essentially small ⊗-triangulated category and u ∈ K an invertible object. There are two continuous maps of topological spaces
Here Remark 6. The maps of Theorem 5 are as follows. The first one is defined on primes P by
The second one takes a prime P to the homogeneous ideal generated by those ½ f → u n such that Cone(f ) ∈ P as n ranges over all integers.
Later on we will use the following facts.
Proposition 7 (Balmer) . Let K be an essentially small ⊗-triangulated category. The following notion of prime ideal of an abelian category which is analogous to primes of a ⊗-triangulated category was developed in [Pet13] . Proof. Since A is semisimple, every object of K b (A) is isomorphic to the sum of its shifted cohomology objects, i.e., K b (A) ∼ = i∈Z A as a triangulated category; the triangulated structure on i∈Z A is given by shifting the indices, and Cone(a
Inspecting the definitions, we see that M → i∈I M is a bijection from the set of prime ideals of the tensor abelian category A to the set of primes of the ⊗-triangulated category i∈Z A. So it suffices to treat the case of A.
Let a be a nonzero object of some prime ideal M. Since it is a tensor ideal, it must also contain (Da) ⊗ a where Da is the strong dual of a, which exists by the assumption that A is rigid. By definition, (Da) ⊗ − is right adjoint to a ⊗ −, and so we have canonical morphisms
If ǫ were to be zero, then id a would be zero, contradicting the assumption that a is nonzero. So ǫ is nonzero, and by the assumption that ½ is simple, and A is semisimple, ǫ must be the inclusion of a direct summand. Since prime ideals are closed under direct summand, it follows that M contains ½, and therefore
Motivic categories
In this section we rapidly review the motivic categories that we will discuss. Specifically, the Morel-Voevodsky stable homotopy category SH(S), Voevodsky's triangulated category of motives DM (S), Grothendieck's classical categories of motives with respect to an adequate equivalence relation M ∼ (k), and some of the relationships between these. This section will be too basic for the experts, and too terse for the non-experts, but we hope that it will at least serve to set notation for the experts, and provide references to the literature for the non-experts.
Remark 10. Philosophically, categories of motives should be defined by universal properties. Consequently, all the constructions have a "generators and relations" feel to them, cf. Remark 13, Remark 20, and Definition 24.
Grothendieck motives
A nice introduction to classical Grothendieck motives over a field is [Sch94] . For the extension to a smooth base and a beautiful application of this extension see [DM91] .
Definition 11. Cycle groups. Let k be a field, and S a smooth k-scheme of pure dimension d S . For a smooth projective S-scheme X, let Z i (X) denote the free abelian group generated by the closed integral subscheme of X of codimension i. If ∼ is an adequate equivalence relation 6 such as rational equivalence, 7 homological equivalence, 8 or numerical equivalence, 9 denoted rat, hom, and 6 An adequate equivalence relation is a family of equivalence relations ∼X on the Z * (X) which satisfy three properties, which essentially require that composition as defined above is well-defined, [Sam60] . In short, pullback, pushforward, and intersection are well-defined.
7 Two cycles α, α ′ ∈ Z i (X) are rationally equivalent if there is a cycle β
Rational equivalence is the coarsest equivalence relation. 8 A cycle α is homologically equivalent to zero if its image under the cycle class map Z i (X) → H 2i (X) is zero, for some prechosen Weil cohomology theory, such asétale cohomology
Numerical equivalence is the coarsest equivalence relation which makes the intersection product A i num (X) ⊗ num respectively, we will write
Cycle categories. For any triple X, Y, Z of smooth projective S-schemes, and cycles α ∈
is defined by pulling α and β back to the triple product X × S Y × S Z along the canonical projections, intersecting them, and then obtaining a cycle on X × S Z by pushing forward along the canonical projections. In this way we obtain a category, whose objects are smooth projective S-schemes, and
Here dim X/S denotes the relative dimension of the morphism X → S. Identity morphisms are given by the cycles associated to the diagonals ∆ X ⊆ X × S X. Fibre product of S-schemes induces a tensor product on this category.
Motivic categories. The objects of M ∼ (S) are triples (X, p, n) where X is a smooth projective
This category is a tensor additive category with sum induced by disjoint union of S-schemes, and tensor product induced by fibre product. There is a canonical functor
from smooth projective S-schemes which sends a morphism f : X → Y to the cycle associated to
Remark 12. Any section s : S → X of an S-scheme f : X → S, for example the section at infinity ∞ : S → P 1 S , gives rise to any idempotent endomorphism s • f , and consequently a decomposition
The Leftschetz motive L is defined as the kernel of the projection to infinity
Remark 13. This definition can be seen as a generators and relations construction of a category. The generators are smooth projective varieties and correspondences, and the relations we have forced are the equivalence relation ∼, the existence of kernels and images of idempotent endomorphisms, and the tensor inverse of L.
Definition 14. For an abelian group A and Λ a flat Z-algebra, we write A Λ = A ⊗ Λ. If A is an additive category, we write A Λ for the category which has the same objects as A and hom
Remark 15. Since Q is a flat Z-algebra, the categories M ∼ (k) Q are the same as the ones constructed as above, using A * ∼ (X) Q instead of A * ∼ (X). One can verify by hand that M ∨ ∨ = M and that for any three objects M, N, P one has
Consequently, the categories M ∼ (k) are rigid.
Voevodsky motives
Definition 18. Correspondences. Let S be a regular 10 noetherian separated scheme, such as the spectrum of a field. The category SmCor(S) has as objects smooth S-schemes, and hom SmCor(S) (X, Y ) is the free abelian group generated by closed integral subschemes Z ⊆ X× S Y such that the map Z → X induced by projection is finite and surjective. Composition of two morphisms α ∈ hom SmCor(S) (X, Y ) and β : hom SmCor(S) (Y, W ) is defined as above: by pulling back to the triple product X× S Y × S W , intersecting, and then pushing forward to X× S W . The condition that the generators of the hom groups be finite and surjective over the first component ensures that the two pullbacks to X× S Y × S W intersect properly. The category SmCor(S) is a tensor additive category, with direct sum induced by disjoint union of schemes, and tensor product induced by fibre product. As above, there is a canonical functor
which sends a morphism to the cycle induced by its graph.
Effective geometric motives. Since SmCor(S) is additive, we can consider its bounded homotopy category K b (SmCor(S)). Define HI to be the set of complexes of the form
where X ranges over all smooth S-schemes. Define NMV to be the set of complexes of the form
ranging over all Nisnevich distinguished squares. 1112 The category of effective geometric motives is defined as
where (−) ♮ denotes idempotent completion, HI ∪ NMV is the smallest thick triangulated subcategory generated by the sets of objects HI and NMV, and the fraction denotes the Verdier quotient.
10 The category SmCor(S) can be defined for any noetherian separated scheme S, but we have not mentioned this construction because branch points make composition more subtle. For a more general S, the group hom SmCor(S) (X, Y ) is only a proper subgroup of the free abelian group we describe, since branches of X introduce an ambiguity in the composition of some cycles. In fact, it can be defined as the largest subgroup for which composition is well-defined, as soon as the notion of composition has been formalised appropriately, [Kel13, Chap.2].
11 A Nisnevich distinguished square is a cartesian square
isétale, and (X−U ) red × X V → (X−U ) red is an isomorphism.
12 In [Voe00] Voevodsky only uses Zariski distinguished squares, i.e., those squares for which j is also an open immersion. However, [Voe00, Thm.3.1.12] implies that, at least when the base is a perfect field, the Zariski and Nisnevich versions produce the same category. On the other hand, it is the Nisnevich descent property which is often used in most of the proofs in [Voe00] . Nisnevich locally, closed immersions of smooth schemes look like zero sections of trivial affine bundles, cf. [MV99, Proof of Lemma 2.28].
Noneffective geometric motives. The tensor structure on SmCor(S) induces a canonical tensor structure on DM ef f gm (S), and there is a canonical monoidal functor
: Sm(S) → SmCor(S). As above, projection to infinity defines an idempotent endomorphism of M (P 1 S ) the Tate motive Z(1)[2] to be the kernel of this endomorphism:
. Since we are working with complexes, we have an explicit model for this:
as a complex concentrated in degrees 2 and 3. We obtain the category of noneffective geometric motives is defined by forcing Z(1) to be tensor invertible.
Formally, the objects of DM gm (S) are pairs (M, m) with M an object of DM ef f gm (S) and m ∈ Z, and morphisms are hom
Remark 19.
1. To simplify notation, one usually writes
2. To show that the tensor structure on DM gm (S) is well defined on morphisms, one needs to show that the cyclic permutation Z(1) ⊗3 ∼ → Z(1) ⊗3 is the identity. This is [Voe00, Cor.2.1.5].
3. The transition morphisms in the colimit defining the hom groups in DM gm (S) are actually all isomorphisms, at least when the base is a perfect field: Voevodsky shows in the "incredibly short and absolutely ingenious" 13 article [Voe10] that − ⊗ Z(1) is a fully faithful functor on DM ef f gm (S) when S is the spectrum of a perfect field. Remark 20. Again, this definition is clearly of the generators and relations form. One starts with smooth schemes and correspondences as the generators, and then forces A 1 -invariance, Nisnevich descent, kernels and cokernels of idempotents to exist, and Z(1) to be tensor invertible.
The most important facts we will need about DM gm (S) are the following.
Theorem 21. Let k be a perfect field of exponential characteristic p. 2. For any smooth k-variety X, n ∈ Z, i ≥ 0, there are canonical isomorphisms Using the fact thatétale cohomology has a structure of transfers, is homotopy invariant, satisfies Nisnevich descent, and is P 1 -stable, one can construct a canonical functor to l-adic sheaves. 
The category
DM gm (k) Z[1/p] is rigid. If X is a smooth projective k variety of pure dimension d, then the dual of M (X) is M (X)(−d)[−2d], [Kel13,hom DMgm(k) (M (X), Z(i)[n]) ∼ = CH i (X, 2i − n)hom DMgm(k) Z[1/p] (M (X), M (Y )(i)[n]) ∼ = CH i+d (X× k Y, 2i − n) Z[1/p] , [Kel13,
Consequently, there is a canonical fully faithful tensor additive embedding
M rat (k) Z[1/p] → DM gm (k) Z[1/p] .
The category DM gm (k)
ZDM gm (S) → D et (S, Z/l n ), DM gm (S) Q → D et (S, Q l ).
Here, the target categories are the derived categories associated to the smallétale site of S. If f : X → S is a smooth morphism, then the image of M (X) is the pushforward Rf
* (Z/l n ) X , resp. Rf * (Q l ) X ,
of the constant sheaf on the smallétale site of X. If S is the spectrum of a perfect field, then this also holds for non-smooth X.

Morel-Voevodsky's stable homotopy category
The definition of SH(S) was sketched in [Voe98] using the unstable theory of [MV99] . A more explicit construction, which includes the use of symmetric spectra is in [Jar00] , and a more modern treatment which incorporates advances in the theory of model categories which happened in the meantime (many of which were motivated precisely for the study of SH(S)) appears in [Ayo07, Def.4.5.52]. Even more recently, the universal property which SH(S) satisfies was made formal in [Rob15, Cor.2.39], using the language of infinity categories. Below we sketch the construction of [Cis13] , which we find to be the most accessible.
Heuristic "Definition" 24. Let S be a noetherian scheme. The Morel-Voevodsky stable homotopy category SH(S) is the universal tensor triangulated category such that:
1. There is a monoidal functor Σ ∞ (−) + : Sm(S) → SH(S).
3. (Nisnevich descent) Σ ∞ (−) + sends Nisnevich distinguished squares 11 to homotopy cocartesian squares. That is, in the notation of Footnote 11, the Mayer-Vietoris style triangle
fits into a distinguished triangle.
((P 1 , ∞)-Stability)
The cofibre of the image of the section at infinity ∞ : S → P 1 S is tensor invertible. That is, Cone Σ ∞ S + → Σ ∞ (P 1 S ) + is tensor invertible.
The tensor triangulated category SH(S) can be constructed as follows.
Construction 25. [Cis13, 1.2, 2.15] Let Sp S 1 (S) denote the category of presheaves of symmetric S 1 -spectra on Sm(S). This category is equipped with the projective model structure. 14 Via Yoneda, every smooth S-scheme equipped with a section, such as P 1 S equipped with the section at infinity, gives rise to an object of Sp S 1 (S). 15 Let T be an cofibrant replacement 16 for the pointed scheme P 1 S in Sp S 1 (S), and let Sp T Sp S 1 (S) denote the category of symmetric T -spectra in Sp S 1 (S). It comes equipped with a canonical "Yoneda" functor 17
and a "constant sheaf" functor 18 Sp
Let HI be the set of images in the homotopy category Ho(Sp T Sp S 1 (S)) of the morphisms Σ ∞ (A 1 X ) + → Σ ∞ X + as X ranges over all smooth S-schemes. Let NMV be the set of images in Ho(Sp T Sp S 1 (S)) of the morphisms Cone(
Nisnevich squares 11 in Sm(S). We define SH(S) as the Verdier quotient
Here the double angle brackets − indicate the localising category, i.e., the smallest triangulated category closed under direct summands and arbitrary small sums, containing the objects of HI and NMV.
Its subcategory of compact objects is the smallest thick triangulated category containing the objects Σ ∞ X + for all X ∈ Sm(S). This is denoted by
Remark 26. There are also constructions using S 1 ∧ G m (where G m is pointed at the identity) instead of P 1 S , and constructions which take the HI ∪ NMV localisations as Bousfield localisations before passing to T -spectra. These all produce equivalent categories, [Cis13, 2.15].
Remark 27. The canonical inclusion 10 Sm(S) → SmCor(S), and the canonical functor Sp S 1 → Cpx(Ab) from symmetric S 1 -spectra to (unbounded) complexes of abelian groups induces a canonical tensor triangulated functor
SH(S) → DM (S).
14 The projective model structure is the model structure for which a morphism is a fibration (resp. weak equivalence) if and only if it is a fibration (resp. weak equivalence) of symmetric S 1 -spectra after evaluation on every X ∈ Sm(S). 15 The Yoneda functor produces a presheaf of pointed sets hom Sm(S) (−, P 1 S ), and then working schemewise, we associated to every pointed set its induced pointed simplicial set, and from there its associated symmetric S 1 -spectrum. 16 The projective model structure has the nice property that representable presheaves are cofibrant, however, by representable we mean the image of a scheme with a disjoint base point, cf. Footnote 17. Presheaves which are the image of pointed schemes whose basepoint is not disjoint are not in general cofibrant. Hence, we need to take some cofibrant model. For example, the pushout of S+ ∧ ∆ Here, DM (S) can defined in the same way as we have defined SH(S), but using SmCor(S) instead of Sm(S), and Cpx(Ab) instead of Sp S 1 . As DM gm (S) can be identified with the thick subcategory of DM (S) generated by the motives of smooth schemes, this functor restricts to a functor
SH(S)
c → DM gm (S). 
Remark 29. Morel proved this theorem is true for the rational versions of the big categories SH(S)
and DM (S), but Definition 14 does not work properly for noncompact objects, so some care must be taken with the term "rational version". Either one can localise at all morphisms n · id M for all objects M and all integers n = 0, or since the rational versions of Sp 1 S and Cpx(Ab) are Quillen equivalent to the category of unbounded complexes of Q-vector spaces, one could just use these in the constructions instead.
The study of the motivic stable homotopy groups of spheres, i.e., hom SH(S) (½[p + q], T q ) for p, q ∈ Z is one of the central problems in motivic homotopy theory.
Theorem 30.
Suppose that k is the spectrum of a perfect field.
The graded ring
, a ∈ k * , of degree 1, and one symbol η of degree −1, subject to the following relations. [Mor12, Cor.24] . If the characteristic of k is not 2, then for every n ∈ Z, there is a canonical short exact sequence of abelian groups
In degree zero, we have the Grothendieck-Witt group GW
where I(k) = ker(W (k)→Z/2) is the augmentation ideal in the Witt ring W (k) of the field k, we set I(k) n = W (k) for n < 0 by convention, and K M n (k) is the Milnor K-theory of the field k, [Mor04c] , [GSZ16, Def.3.7, Thm.3.8, Thm.5.4] 19 . 19 There are some weird sign and bracket conventions in [GSZ16] . In [GSZ16] Remark 31. For more calculations about motivic stable homotopy groups of spheres, see, for example, [DI10] , [HKO11] , [OØ13] , [OØ14] , and the references therein.
If k is algebraically closed of characteristic zero then hom
Remark 32. In the 
The element h corresponds to the class of the hyperbolic plane in 
•−1 . The map in question is the composition
Remark 34. The prime homogeneous ideals of K M W (k) for any field k of characteristic not 2 are classified in [Tho15] .
Example 35. Let k be a finite field with q elements, and q odd. Then
and for n > 0 we have 
Observations
In this section we make some observations and guesses about the structure of Spc(SH(F q ) c ).
Rational coefficients
Theorem 36. Let F q be a field with a prime power, q, number of elements. Suppose that for all connected smooth projective varieties X we have:
Proof. First we observe that by Theorem 28 of Morel, the canonical functor SH(F q ) c Q → DM gm (F q ) Q is an equivalence. So we are reduced to studying DM gm (F q ) Q .
On the other hand, since we are assuming that rational and numerical equivalence agree, the canonical functor
Jannsen's semisimplicity theorem, Theorem 16, says that M(F q ) Q is semisimple, and therefore K b (M(F q ) Q ) ∼ = i∈Z M(F q ) Q as a tensor triangulated category, cf. the proof of Lemma 9. It follows that the canonical (tensor) functor
For smooth projective varieties X and Y , the Beilinson-Parshin conjecture says that
vanishes unless i = 0. It follows that the functor (5) is fully faithful. Since DM gm (F q ) Q is generated by motives of smooth projective varieties, Theorem 21(4), the functor (5) is also essentially surjective. That is, it is an equivalence of tensor triangulated categories. Finally we apply Lemma 9 and Remark 17 to notice that M(F q ) Q has a unique prime: the zero prime. Consequently, the same is true for DM gm (F q ) Q . For the structure sheaf: we have hom Mrat(Fq) Q (½, ½) ∼ = Q by definition.
Remark 37. If one is willing to accept that Bondarko's weight complex functor
there is a much more conceptual approach to the above proof. One considers the sequence of monoïdal functors
The first one is an equivalence by Morel, the second one is an equivalence if and only if the BeilinsonParshin conjecture holds, [Bon09] , and the third one is an equivalence if and only if rat = num. We didn't use this because we didn't want to claim without proof that t is monoïdal, we didn't want to include a proof, and we don't know a reference for this statement. 
The structural morphism
Proposition 40. Let q be an odd prime power and consider the open-closed decomposition of the topological space Spc(SH(F q ) c ) = U (P 2 ) ∪ supp(P 2 ), cf. Definition 3(4), where P 2 is pointed at any rational point. The canonical morphism of topological spaces
is surjective, resp. has image (2) ∈ Spec(Z). Moreover, the closure of U (P 2 ) in Spc(SH(F q ) c ) intersects supp(P 2 ) nontrivially.
Proof. We begin with U (P 2 ). First we claim that U (P 2 ) is non-empty, cf. A 2 −{0} → P 1 , and note that P 2 ∼ = Cone(η) by the Mayer-Vietoris distinguished triangle associated to {P 2 −{x} → P 2 , P 2 −P 1 → P 2 } (and A 1 -invariance) where x is any rational point not in P 1 . So by Proposition 7(4) the set U (P 2 ) is non-empty if and only if η ⊗n is nonzero for all n > 0. But this latter follows from the fact that η is not nilpotent in K M W (F q ), Theorem 30, Example 35, (this nonnilpotence is true for any field [Mor04b, Cor.6.4.5,p.258]).
By Proposition 7(2) the subspace U (P 2 ) is isomorphic to Spc SH(F q ) c / P 2 . Since P 2 ∼ = Cone(η), the morphism η is invertible in SH(F q ) c / P 2 , and therefore the canonical morphism of graded rings ⊕ n∈Z hom SH(Fq) (½[n], T n ) → ⊕ n∈Z hom SH(Fq)/ P 2 (½[n], T n ) factors through the localised ring ⊕ n∈Z hom SH(Fq) (½[n], T n )[η −1 ]. It follows from the description of Example 35 that 4 is zero in this latter. Hence 4 · id ½ is zero in SH(F q )/ P 2 and therefore the canonical morphism of topological spaces U (P 2 ) ∼ = Spc( SH(F q )/ P 2 c ) → Spec(Z) given by Theorem 5 factors through Spec(Z/2) ⊂ Spec(Z). Now consider supp(P 2 ). Using Theorem 5 and Theorem 30 again, we find a surjective morphism of topological spaces Spc(SH(F q ) c ) → Spec(GW (F q ))
Exm.35 ∼ = Spec(Z).
We have seen that the open subspace U (P 2 ) is sent to the closed subspace (2). So to see that supp(P 2 ) → Spec(Z) is still surjective, it suffices to show that supp(P 2 ) intersects the closure of U (P 2 ) nontrivially. That is, it suffices to show that the topological space Spc(SH(F q ) c ) is not the disjoint union of the topological spaces U (P 2 ) and supp(P 2 ). It follows from U (P 2 ) = U (Cone(η)) being non-empty that ([ω], 2) is in the image of Spc(SH(F q ) c ). The primes ([ω] , η, p) with p ∈ Z an odd prime are in the image by the surjectivity of Spc(SH(F q ) c ) → Spec(Z). Finally, ([ω], η) is in the image by the claim that supp(P 2 ) intersects the closure of U (P 2 ) nontrivially.
